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ON THE HEIGHT OF THE 
KRONECKER PRODUCT OF S. CHARACTERS 

BY 

AMITAI REGEV 

ABSTRACT 

Given any two heights h,. h._. we can choose wide enough partitions v,/z E 
Par(n) such that h(v) = h~, h(#)= h2 and h(x~ ~X,)  = h~. h~. 

Introduction 

The partitions of n, ,~ E Par(n), are in a one-to-one correspondence with the 

irreducible characters of Sn:A "~-~X,. The height h(A) of the corresponding 

Young diagram D~ is defined to be the height of xA:h(x~)= h(A). For 

~bn = EA~Pa,,Im~x~, any S, character, let 

h ($ , )  = max{h(;t)lA E Par(n), m ~  0}. 

In [4] and [6] we raised 

QUESTION H. Given two heights h,, h2, is there an N = N(h~, h2) such that 

for any n => N there are two So characters X,, X, (u,/z E Par(n)) satisfying 

h (X,,) = h,, h(x,,) = h2 and h(x.  •X , , )=  hz. h2?! 

Applying P.I. theory we then answered " H "  affirmatively when h, = k 2, 

h2 = 12 are squares, and conjectured "yes"  to " H "  in general. 

In this note the conjecture is proved for any two heights {Theorem 4). The 

proof, which uses asymptotic methods and no P.I. theory, also yields a 

polynomial rate of growth for the multiplicities rna of some irreducible charac- 

ters X~ in X,, (~X,., with h u t ) =  h,.  h2. The asymptotic results for degrees of 

Young diagrams are developed in [3], [5]. 

The field F is of characteristic zero. Since S, has the same character theory 

over all such fields, assume F is algebraically closed (for example, choose 

F = C ) .  
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The introduction closes with a short summary of some basic facts about 

the representation theory of S, and of GL(k)  tsee [I]). Let V be a vector 

space of dimension k = dimv V, then S, and GL(V)  = GL(k)  act on W = V ®" 

in natural ways: trES, ,  u ,@' . .@u,-~u~m@'"@u, ,~ ,> T ~ G L ( V ) .  

u , @ . ' . @ u , - ~ T u , @ . . . @ T u , .  The images of S, and of GL(V)  in 

End(V *")  = E span two corresponding subalgebras: 

S. GL(V) 

A(k,n), B(k,n)C_E. 

By Schur's theory they centralize each other in E:HomFs.(V~°,V®") = 
B(k, n), and vice versa. Also, 

d imB(k 'n )=(  n+k2-n 1 ) .  

Finally, let v E P a r ( n )  satisfy h(v)_-<dimV. By a theorem of Weyl, V ~" 

contains an FS, irreducible submodule Wv _C V ®" with character x(W.) = X,. In 

fact, V ®" contains the direct sum of exactly tk~N, such FS, submodules, where 

Ck)N. is the degree of the irreducible character of GL(k)  that corresponds to the 

partition p. 

The main results 

Let Ak (n) = {h E Par(n) [ h (h) =< k }. It is shown in [4] that if v,/x E Par(n), 

then 

A EAho,).  h (~)(n) 

The following lemma has interest on its own. 

LEMMA 1. Let v , /~EPar (n ) ,  h ( u ) = h ~ ,  h ( /~)=h2 ,  and write Xv@X, = 
E~A~.~,_t.~ mAX,, then for all A, 

m~ < (n + (h"nh2)2-1) m. 

PROOF. Choose spaces Vb V2 with dimv V~ = h~, i = 1,2. Let W, = V~", then 

W = (V, ® V~) ®" = ( V ? " ) ®  (V~ °) = W, ® W,. 

[as FS, modules] 
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Now, V~"_D W., an FS,, submodule with x ( W . ) = X . .  Similarly, 

x(W,.)=X,~, so that x(W.  QW,.)=X~QX,.=Z~m~x~. Thus 

E~ ~ )K~ ,  where each K~ is a direct sum of m~ copies of FS, 
modules, each with character X~. By Schur's lemma [see 2, §2], 

v on_ 

irreducible 

Hom~.(W. @ W., W~ @ W,.)--- ~ F,.~ 
A 

(where Fm are the m × m matrices over F). Thus 

hence 

dim~ (Homes. (W. ~ W,, W~ @ W, ) )=  ~ m ~, 
a 

mA < [dimr (HomFs. (W. @ W,, W. @ W, ))]~ 

=< [dimv (Hom¢s. (W, @ Wz, W, Q W2))] ~ 

= [dimF(HOmrs. (W, W))]½ = (n +(ht'nh2)2-1)~, 

since W = (V, @ V2) ~" and dim V, @ V2 = hi • h2. Q.E.D. 

REMARK 2. W~ contains a direct sum of th~ . , lV~ FS. irreducible submodules 

with character X~, and similarly for W2. Thus a similar proof yields 

m~ <= th , )N,"  (h } ~  " 

In fact one gets 

( 1. ~2[n+(h,'nh2)2-1 ) 
= ~h2) N 

REMARK 3. Let v,/x ~ Par(n), h (v)=< hi, h (p,)_-< h2, then fix h,, h2 and send 
n --~ oo. Lemma 1 implies that the multiplicities in Xv • X, are bounded above by 

a polynomial in n of degree_-< ½[(hi-h2) 2 -  1]. In the next theorem we find a 

lower bound for some of these mx 's, which is also of a polynomial rate of growth. 

The essential tool for proving Theorem 4 is the asymptotic result ([5, 4.5]) 

SI°(n ) = b, - • l", 

where 

, ( 3 ) ' '  b, = 1'" 1~,4. I-~" F "I-I F(1 +½j) (a constant) 
j = l  

and S~'~(n) %f Z~A,,.~ G. 
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THEOREM 4. Let  h,, h2 be any two heights >- 2, then there exists N = N(h~, h2) 

such that for any n >= N there is a pair of  partitions v, tx E Par (n)  (in fact  many  

pairs) with h (v ) = h~, h (Ix) = h2 and  h (Xv ~ X,  ) = hj • hz. 
Moreover, let e be any number satisfying e ~ {h~. h~(ht h2 - 1) - ½(h ~ + h 2) + 1, 

and write X. @X~ = E~eAh, hy)mxxx, then there are some A @ A,,.he(n) with 

h( .~ )=  hi" h2 and for which m,  >= n ". 

PROOF. First, let n = h ~ w j =  h2to_, and consider  the h~xto t  and h2×to2 

rectangles u = (~o~') and Ix = (~o~2). By [3, §3], as n---. oo, 

(1)'~ -')'~ (1) '~,~-''~ 
d. -= a , , .  • h~' and d.  ~ "  a h 2 "  " hT, 

where  ah = (h - 1)" (h - 2 )  2" ' "  2 h-2" (1/~v/~)" " h '"'~+~)/'~. Thus 

(1),"~+"~) '~' 
degree(x .  @ X u ) =  d~ • d .  -~ a • • (h, .  h 2 )  n, 

where a = a h ,  " ah... 

Write 

x ®x. = E re ,X .+  E m.X,, 
A e A h l . h 2 - 1 t n )  h4X ) = h l ' h  2 

let e < ] h , .  h2(h,,  h 2 -  1 ) . { ( h 2 +  h22)+ 1 and assume mA ---< n e for  all large n and 

all A, h ( A ) =  h , .  h2. By L e m m a  1, 

so that 

Thus  

all m, <=p(n)= (n  + (h"nh2)2-1)½,  

d. " d .  = deg(x~ (~) X~ ) <- p ( n  ) . S~'~h~_,(n ) + n ~ ~ d, 
h(A ) = h l ' h  z 

< p(n) .  s'~%_,(n)+ n ' .  s'~%(n) 

~-- b h " - '  " P (n  ) " ( h , h 2 - 1 ) "  + bh,h:, n"  • (1)  h'h~th'h~-''/4. (h,h2)"  

(q(n ) = n (h~h' ,)(h,,~-=)/4) 

= bh,.~ " n ~ • • ( h t h 2 ) " .  

a I ih h2,n  bh, (h h2,- 
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o r  

11 (h~h2)(h,h2-1)/4-(h~-)/2+l ~ c • n e (c = bh,h,/a = constant) 

for all large n, a contradiction. This proves the theorem for "rectangular" 

partitions l,, /x (with h~ > 2 or h_~ > 2). 

For more general partitions, apply (F.I.1) of [5]: Let A E Ah (n, a ,~)  (see 

there), then for large n, 

( 1 )  '~-'''h÷2'. 
d~ = y ,  . D ( c ) . e -"c'r- . h n. 

The previous proof can now be applied to various other pairs of partitions 

)t (i) ~ mh, (11, a, ~) ,  i = 1 ,2 .  Notice that the exponent ½ (h ~ + h ~) - 1 is now replaced 

by nearly its half, namely by ¼[(h,- 1)(h, + 2 ) +  (h: - 1)(h., + 2)]. If 

e < ~(hlh2)(h ,h2 - 1) -  if(h, - 1)(h, + 2) + (h: - 1)(h2 + 2)] 

then for some A ~ Ah,h2(n)-- Ah,h. ~(n), ma > n ~ for all large n. Q.E.D. 

REMARK 5. It seems that with some more effort, N ( h ,  h:)  can explicitly be 

computed. Notice that when hj = k 2, h2 = 12, then by P.I. theory, N ( h ~ , h 2 )  <-_ 

2 k 2 1 2 -  1 ([4], [6]). 

From the proof of the general case of Theorem 4 it is clear that N ( h ~ ,  h2) 

depends on the rate of growth of d~,,, as n --~ ~. Thus, to make N ( h ~ ,  h2) smaller, 

one should look for )t t~ E A,. (11, a, ~) with maximal degrees d~,~. Such partitions 

will be studied elsewhere. 

REFERENCES 

1. H. Boerner, Representations of Groups, North Holland, Amsterdam, 1963. 
2. L. Dornhoff, Group Representation Theory, Vol. 1, Marcel Dekker, New York, 1971. 
3. A. Regev, The representations of Sn and explicit identities for P.L algebras, J. Algebra 51 

(1978), 25-40. 
4. A. Regev, The Kronecker product of S,-characters and an A • B theorem for Capelli 

identities, J. Algebra 66 (1980), 505-510. 
5. A. Regev, Asymptotic values for degrees associated with strips of Young diagrams, Adv. 

Math. 41 (1981), 115-136. 
6. A. Regev, Young tableaux and P.L algebras, Ast6rique 87-88 (1981), 335-352. 

DEPARTMENT OF THEORETICAL MATHEMATICS 
THE WEIZMANN INSTITUTE OF SCIENCE 

REHOVOT, ISRAEL 


